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Abstract
A mechanism for localization of quantum fields on a s-brane, representing the bound-
ary of a s + 2 dimensional bulk space, is investigated. Minkowski and AdS bulk spaces
are analyzed. Besides the background geometry, the relevant parameters controlling the
theory are the mass M and a real parameter η, specifying the boundary condition on the
brane. The importance of exploring the whole range of allowed values for these parame-
ters is emphasized. Stability in Minkowski space requires η ≥ −M , whereas in the AdS
background all real η are permitted. Both in the flat and in AdS case, the induced field
on the brane is a non-canonical generalized free field. For a suitable choice of boundary
condition, corresponding to the presence of a boundary state, the induced field on the
brane mimics standard s + 1 dimensional physics. In a certain range of η, the spectral
function i n the the AdS case is dominated by a massive excitation, which imitates the
presence of massive particle on the brane. We show that the quantum field induced on
the brane is stable.
June 2000
1 Introduction
The scenario of a physical space-time with large extra dimensions is now attracting much
interest. According to this proposal [1], our world is confined in a four-dimensional defect,
a 3-brane, embedded in a higher dimensional space M, called bulk space. The extra
dimensions have sub-millimeter size, which can be tested, in principle, in future collider
experiments [2]. From a geometric point of view, the bulk space is a product of the
Minkowski space M3+1 with a suitable compact space like in the Kaluza-Klein (KK)
program. Further insights come from the Randall-Sundrum solution [3, 4], where M is
a slice of the anti-de Sitter (AdS) space-time in five dimensions. Localization of gravity
is realized through the “zero mode” of the five-dimensional gravitational field, which
is appreciably different from zero only close to the 3-brane of our world. Despite that
the extra fifth dimension is infinite, the localization mechanism works also in the non-
compact case [4] and Newton’s law is essentially recovered [5]. Another class of models
[7, 8], potentially interesting for the cosmological constant problem, is obtained when the
bulk space has an additional internal negative-tension brane, which separates an AdS
region from a flat region. In this case, the Newtonian potential on the world brane is
recovered only at intermediate scales [7, 9], however there are some issues [10, 11, 12, 13]
related with unitarity and stability which are still not completely understood.
In this paper we will be concerned with the mechanism responsible for the localization
of a quantum scalar field on a brane, representing the boundary of an infinite bulk space.
More precisely, we address the following quantum field theory problem. Let Φ be a local
quantum field with prescribed dynamics, propagating in a bulk spaceM with a nontrivial
boundary ∂M. The problem is to construct and investigate the field ϕ induced by Φ on
∂M. Referring in what follows to ϕ as the induced field, our main goal is to study
the general mechanism allowing to localize a quantum field on ∂M. We also analyze
the interplay between locality on M and ∂M and the relationship between the mass
spectra of Φ and ϕ. Our interest in this sort of quantum boundary value problem is not
new [14, 15, 16]. In order to establish a contact with the previous work, we start by
considering a flat bulk space which is both instructive and provides a reference model
for the study of the more involved AdS background. Our investigation shows that the
behavior of ϕ is controlled essentially by two parameters: the bulk mass M ≥ 0 and
a real parameter η (with dimension of mass), which specifies a generic mixed boundary
condition on ∂M. One of the main differences between the flat and the AdS bulk space
concerns the allowed values of η. In the AdS case, η can take any real value, whereas
for flat M the requirement of stability implies η ≥ −M . It turns out that besides the
continuum KK modes, for a suitable value ηb(M) of η, the spectrum contains a “zero
mode”, decaying exponentially out of the brane and generating massless excitations on it.
2
This feature, which was already established in the case M = 0, extends therefore also to
M > 0. A remarkable consequence of this fact is that short range interactions in the flat
bulk space (M > 0) induce long range interactions on the brane when η = ηb. For M > 0
and η 6= ηb the induced field ϕ has a mass-gap in flat bulk space and no gap in the AdS
background. The potential between two static sources on the brane behaves accordingly.
We stress that for establishing these results it is fundamental to have under control
the whole range of the parameter η. Some partial results for η = 0 have been derived
recently in [17, 6]. Lifting this restriction is however essential, because it turns out for
instance that ηb 6= 0 for M > 0 . The study of the problem for general admissible η is
therefore crucial and is among the main achievements of this paper. Another interesting
aspect, discussed below, is the behavior of the continuum mass spectrum in the AdS
case. For generic values of η and M the spectral function entering the Ka¨lle´n-Lehmann
representation for ϕ is featureless. For certain values of η however (for instance when η
is close to ηb(M)), it develops a narrow and high peak, which corresponds to excitations
with sharply localized mass.
Concluding this preliminary part, we would like to fix the action for the field Φ. It
reads
S =
1
2
∫
M
√
Gdx(s+2)
[
GAB∂AΦ ∂BΦ − M2 Φ2
] − 1
2
∫
∂M
√
Gindx
(s+1) ηΦ2 . (1)
The bulk space M has a Lorentzian metric GAB; its time-like boundary ∂M (a s-brane)
inherits the induced metric Gin. The variation of S gives both the equation of motion
GAB∇A∇B Φ + M2 Φ = 0 , (2)
and the boundary condition(
nA∇A Φ − ηΦ
)|∂M = 0 , η ∈ R , (3)
where nA is the unit normal of ∂M.
The paper is organized as follows: in the next section we take G to be flat, whereas
in section 3 we consider the AdS metric. The last section is devoted to our conclusions.
2 Flat bulk space
The purpose of this section is to illustrate, in its simplest form, a general mechanism for
inducing quantum fields on a brane. Let us consider the manifoldM = Rs+1×R+, where
R+ is the half line {y ∈ R : y > 0}. We adopt the coordinates (x, y) ∈ Rs+1×R+ and the
3
notations x ≡ (x0, x1, ..., xs) = (x0,x) and p ≡ (p0, p1, ..., ps) = (p0,p). Our first task will
be to analyze the free scalar quantum field Φ(x, y), which propagates onM = Rs+1×R+
equipped with the flat metric
GAB =
(
g 0
0 −1
)
, diag g = (1,−1, ...,−1) . (4)
The boundary ∂M coincides with the s+1-dimensional Minkowski spaceMs+1 ≡ {Rs+1, g}
and represents a s-brane. Eq. (2) gives rise to
(✷G +M
2)Φ(x, y) = 0 , (5)
where ✷G is the Laplacian associated with (4) and M ≥ 0 is the mass. Let us introduce
K ≡ −
s∑
i=1
∂2i − ∂2y +M2 . (6)
Then
✷G +M
2 = ∂20 +K , (7)
and the quantization of Eq. (5) requires the study of the operatorK. In order to apply the
standard and well known procedure, one needs a self-adjoint positive K. The subtle point
in analyzing K concerns the term −∂2y , which is defined on the half line R+. We recall [19]
in this respect that K is not self-adjoint but only Hermitian in the space C∞0 (R
s×R+) of
infinitely differentiable functions with compact support. The relative deficiency indices
are however equal, because K commutes with the complex conjugation. Therefore, K
admits self-adjoint extensions. All of them are parametrized by a real parameter η and
correspond to the boundary condition
lim
y↓0
(∂y − η)Φ(x, y) = 0 , (8)
which is just eq.(3) applied to the case we are considering. The parameter η has dimension
of mass. Eq.(8) represents the so called mixed boundary condition (in the limit η →
0 and η → ∞ one recovers the familiar Neumann and Dirichlet boundary conditions
respectively). The associated self-adjoint operator will be denoted by Kη.
At this point, the main step in constructing the quantum field Φ is to identify a
complete orthonormal set of eigenfunctions of Kη. For this purpose we first focus on the
operator −∂2y and consider the family of functions
B =
{
{ψ(y, λ) : y, λ ∈ R+} if η ≥ 0 ,
{ψ(y, λ), ψb(y) : y, λ ∈ R+} if η < 0 ,
(9)
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where
ψ(y, λ) = e−iλy +B(λ)eiλy , B(λ) =
λ− iη
λ+ iη
, (10)
and
ψb(y) =
√
2|η| eηy . (11)
The elements of B satisfy the boundary condition
lim
y↓0
(∂y − η)ψ(y) = 0 , (12)
and have transparent physical interpretation in the quantum mechanical problem defined
by the Hamiltonian −∂2y on R+: the functions ψ(y, λ) represent scattering states (B(λ)
is the reflection coefficient from the boundary at y = 0), whereas ψb describes the bound
state (with energy −η2), present for η < 0. We will refer in what follows to ψb as boundary
state and we will show that it gives an essential contribution to the quantum field induced
on the boundary Ms+1.
One can verify the following orthogonality and completeness relations:∫ ∞
0
dy ψ(y, λ1)ψ(y, λ2) = 2π δ(λ1 − λ2) , λ1, λ2 ∈ R+ , (13)
∫ ∞
0
dy ψ(y, λ)ψb(y) = 0 , λ ∈ R+ , η < 0 , (14)
∫ ∞
0
dλ
2π
ψ(y1, λ)ψ(y2, λ) + θ(−η)ψb(y1)ψb(y2) = δ(y1 − y2) , y1, y2 ∈ R+ , (15)
where
θ(α) =
{
1 if α > 0 ,
0 if α ≤ 0 . (16)
Therefore, B is a complete orthonormal set of eigenfunctions for the operator −∂2y . Ac-
cordingly,
B(Kη) =
{
{e−ipxψ(y, λ) : y, λ ∈ R+, x, p ∈ Rs} if η ≥ 0 ,
{e−ipxψ(y, λ), e−ipxψb(y) : y, λ ∈ R+, x, p ∈ Rs} if η < 0 ,
(17)
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is such a set for the operator Kη. For the spectrum one has
S(Kη) =
{
{κ ∈ R : κ ≥M2} if η ≥ 0 ,
{κ ∈ R : κ ≥M2 − η2} if η < 0 . (18)
Therefore, Kη is positive for any η ≥ 0. In the range η < 0, the requirement of positivity
implies
−M ≤ η < 0 . (19)
In order to avoid imaginary energies for the field Φ, in what follows we impose (19).
Notice that for M = 0, this condition excludes negative values of η. We shall see in
the next section that this is not the case for the AdS space, which is essential in the
Randall-Sundrum scenario.
Now, we are in position to construct the local quantum field Φ. The content of B(Kη)
suggest the presence of two building blocks:
φ(x, y) =
∫ ∞
−∞
dsp
(2π)s
∫ ∞
0
dλ
2π
1√
2ωM2+λ2(p)
·[
a∗(p, λ)eiωM2+λ2(p)x
0−ixpψ(y, λ) + a(p, λ)e−iωM2+λ2(p)x
0+ipxψ(y, λ)
]
, −M ≤ η , (20)
and
χ(x, y) =
∫ ∞
−∞
dsp
(2π)s
1√
2ωM2−η2(p)
·[
b∗(p)eiωM2−η2(p)x
0−ixpψb(y) + b(p)e
−iω
M2−η2 (p)x
0+ipxψb(y)
]
, −M ≤ η < 0 , (21)
where
ωm2(p) =
√
p2 +m2 . (22)
We assume also that {a∗(p, λ), a(p, λ)} commute with {b∗(p), b(p)} and satisfy the
canonical commutation relations:
[a(p1, λ1) , a
∗(p2, λ2)] = (2π)
s+1δ(p1 − p2)δ(λ1 − λ2) ,
[a(p1, λ1) , a(p2, λ2)] = [a
∗(p1, λ1) , a
∗(p2, λ2)] = 0 , (23)
[b(p1) , b
∗(p2)] = (2π)
sδ(p1 − p2) ,
[b(p1) , b(p2)] = [b
∗(p1) , b
∗(p2)] = 0 . (24)
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Let us summarize the basic properties of the fields (20,21). By construction both φ and χ
satisfy Eqs. (5, 8). At this point, the requirement of local commutativity plays a crucial
role. Indeed, one can verify that:
• (i) φ is local for η ≥ 0;
• (ii) neither φ nor χ are local for −M ≤ η < 0, however their sum φ+ χ is local.
Therefore, the local field in Rs+1 × R+ we are looking for, reads
Φ(x, y) =
{
φ(x, y) if η ≥ 0 ,
φ(x, y) + χ(x, y) if −M ≤ η < 0 . (25)
The completeness of the system B(Kη) implies that that above defined Φ satisfies also
the canonical commutation relation[
(∂0Φ)(x
0,x1, y1) , Φ(x
0,x2, y2)
]
= −iδ(x1 − x2)δ(y1 − y2) . (26)
The two-point vacuum expectation values (Wightman functions) of the fields φ and χ
in the Fock representation of the algebra (23,24) are easily derived:
〈φ(x1, y1)φ(x2, y2)〉0 =
∫ ∞
0
dλ
2π
ψ(y1, λ)ψ(y2, λ)WM2+λ2(x12) , (27)
and
〈χ(x1, y1)χ(x2, y2)〉0 = ψb(y1)ψb(y2)WM2−η2(x12) , (28)
where x12 ≡ x1 − x2 and
Wm2(x) =
∫ ∞
−∞
dsp
(2π)s
1
2ωm2(p)
e−iωm2 (p)x
0+ipx =
∫ ∞
−∞
d(s+1)p
(2π)(s+1)
e−ipxθ(p0)2πδ(p2 −m2)
(29)
is the two-point scalar function of mass m2 in Ms+1. Combining Eqs.(10,11,25,27,28),
one gets
〈Φ(x1, y1)Φ(x2, y2)〉0 =∫ ∞
0
dλ
2π
2
(
cosλy12 +
λ2 − η2
λ2 + η2
cos λy˜12 +
2λη
λ2 + η2
sin λy˜12
)
WM2+λ2(x12) +
2θ(−η)|η|eηy˜12 WM2−η2(x12) , (30)
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where y˜12 ≡ y1 + y2. Since Φ is free, its n-point correlators are expressed in a standard
way in terms of (30), which completes the construction of the local bulk field Φ, satisfying
Eqs. (5,8).
So, we are left with the problem of determining the field ϕ induced by Φ on the
boundary Ms+1. For this purpose we consider
〈ϕ(x1) · · ·ϕ(xn)〉0 = lim
yi↓0
〈Φ(x1, y1) · · ·Φ(xn, yn)〉0 , (31)
It follows from Eq. (30) that 〈ϕ(x1) · · ·ϕ(xn)〉0 are well defined correlators, which satisfy
all standard requirements (Poincare´ covariance, local commutativity, positivity and the
spectral condition) and therefore uniquely determine, via the reconstruction theorem [20],
the induced field ϕ. The basic features of ϕ are encoded in the two-point function
G
W
(x12) = 〈ϕ(x1)ϕ(x2)〉0 = lim
yi↓0
〈Φ(x1, y1)Φ(x2, y2)〉0 =∫ ∞
0
dλ
2π
4λ2
λ2 + η2
WM2+λ2(x12) + 2θ(−η)|η|WM2−η2(x12) . (32)
Notice that G
W
vanishes in the Dirichlet case (|η| = ∞), as it should be. Changing
variables, Eq. (32) gives the following Ka¨lle´n-Lehmann representation
G
W
(x12) =
∫ ∞
0
dλ2 ̺(λ2)Wλ2(x12) + 2θ(−η)|η|WM2−η2(x12) , (33)
where
̺(λ2) = θ(λ2 −M2)
√
λ2 −M2
π(λ2 + η2 −M2) . (34)
Obviously ϕ does not satisfy the free Klein-Gordon equation. Since ̺ defines a polynomi-
aly bounded positive measure on [0,+∞), from Eq. (33) we deduce that ϕ is a generalized
free field [20]. We stress that in contrast to the bulk field Φ, the induced field ϕ is not a
canonical one. In this sense ϕ cannot be derived from a local Lagrangian on the brane.
The evaluation of the integral in Eq. (33) is straightforward in momentum space.
Performing a Fourier transformation, one finds
Ĝ
W
(p) = 2θ(p0)
[
θ(p2 −M2)
√
p2 −M2
p2 −M2 + η2 + θ(−η)|η|2πδ(p
2 −M2 + η2)
]
. (35)
Eq. (35) provides a complete information about the mass spectrum of ϕ. For η ≥ 0 the
spectrum is continuous and bounded from below by M , thus exhibiting a mass gap when
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M > 0. Such a behavior is expected on general grounds. In the range −M ≤ η < 0
the mass spectrum has in addition a discrete point-like contribution, stemming from
the boundary state (11). The representation of the Poincare´ group in this range is a
superposition of a continuum mass representation defined by ̺ and a standard particle
representation of mass M2 − η2. The particular case
η = ηb ≡ −M , (36)
deserves special attention. In spite of the fact that only short range interactions (M 6= 0)
are present in the bulk space Rs+1 × R+, a long range interaction (M2 − η2 = 0) is
induced on its boundary Ms+1. The physical origin of the remarkable behavior when
−M ≤ η < 0 is a sort of attraction of the bulk field by the boundary. We expect such
boundary interactions to be universal and therefore essential in brane physics in general.
In fact, we will show in the next section that the above phenomena take place also in AdS
background, thus being relevant for the Randall-Sundrum framework as well.
It is instructive to derive also the propagator of the induced field. From Eq. (33) one
obtains
G
F
(x12) = i〈Tϕ(x1)ϕ(x2)〉0 =
∫ ∞
0
dλ2 ̺(λ2)∆λ2(x12) + 2θ(−η)|η|∆M2−η2(x12) , (37)
where T indicates time ordering and
∆m2(x) = −
∫ ∞
−∞
d(s+1)p
(2π)(s+1)
e−ipx
p2 −m2 + iε . (38)
is the well known scalar propagator. The Fourier transform of G
F
reads
Ĝ
F
(p) = −
√
M2 − p2 − η
p2 −M2 + η2 + iǫ , (39)
and is convenient for perturbative calculations on the brane.
Let us determine finally the potential V (r) between two static sources on the brane
at distance r = |x|. For s = 3 one finds
V (r) =
∫ ∞
−∞
dx0G
F
(x0,x) = 2
∫ ∞
M
dλ λ̺(λ2)
e−λr
4πr
+ 2θ(−η)|η|e
−r
√
M2−η2
4πr
. (40)
Combining Eqs. (34,40), one easily gets the estimate
V (r) ≤ sup
λ≥M
[̺(λ)]
e−Mr
4πr2
+ 2θ(−η)|η|e
−r
√
M2−η2
4πr
. (41)
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One can further study the dependence of supλ≥M [̺(λ)] on M and η.
This concludes our investigation of the flat bulk space, which provides useful intuition
for the AdS case.
3 Anti-de Sitter bulk space
We keep below the bulk manifold M = Rs+1 × R+, but now equipped with the anti-de
Sitter (AdS) metric
ds2 = GAB dx
AdxB = e−2ay gµν dx
µdxν − dy2 , a > 0 , (42)
with a cosmological constant Λ = −6a2. The boundary ∂M still coincides with Ms+1 and
the problem is to construct and investigate the scalar quantum field Φ, satisfying Eq. (5)
with the metric (42) and the boundary condition (8). Following the procedure developed
in the previous section, we have to study the operator
K = −
s∑
i=1
∂2i − e(s−1)ay∂ye−(s+1)ay∂y + e−2ayM2 . (43)
As in the flat case, the main point is to solve[−e(s−1)ay∂ye−(s+1)ay∂y + e−2ayM2]ψ(y, λ) = λ2ψ(y, λ) , (44)
with the boundary condition (12). Eqs. (44,12) give rise to a well studied [21], [22]
singular boundary value problem, related to Bessel’s equation. It is worth stressing that
there is no freedom to impose any boundary condition at y = ∞, which is the singular
point of the problem. Setting
ν =
√
(s+ 1)2
4
+
M2
a2
, ηb =
(s+ 1− 2ν)
2
a , (45)
the complete orthonormal set of eigenfunctions for s ≥ 3 reads
B =
{
{ψ(y, λ) : y, λ ∈ R+} if η 6= ηb ,
{ψ(y, λ), ψb(y) : y, λ ∈ R+} if η = ηb
(46)
where
ψ(y, λ) = e
(s+1)
2
ay
[
Jν(λa
−1eay)Y˜ν(λa
−1)− Yν(λa−1eay)J˜ν(λa−1)
]
, (47)
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Z˜ν(ζ) =
1
2
√
1 + η˜2
[(1− 2η˜)Zν(ζ) + 2ζZ ′ν(ζ)] , η˜ =
η
a
− s
2
, (48)
Zν denoting the Bessel function Jν or Yν of first and second kind respectively. Finally,
the boundary state
ψb(y) =
√
2a(ν − 1) eηby (49)
is in this case a zero mode of Eq. (44). The completeness relation of the system (46) is
expressed by∫ ∞
0
dλ σ(λ)ψ(y1, λ)ψ(y2, λ) + δηηbψb(y1)ψb(y2) =
1
µ(y1)
δ(y12) , (50)
where µ and σ are the following measures
µ(y) = e(1−s)ay , σ(λ) =
λa−1
J˜2ν (λa
−1) + Y˜ 2ν (λa
−1)
, (51)
on [0,∞). Moreover, one has also the orthogonality relations∫ ∞
0
dy µ(y)ψ(y, λ1)ψ(y, λ2) =
1
σ(λ1)
δ(λ12) , λ1, λ2 ∈ R+ , (52)
∫ ∞
0
dy µ(y)ψ(y, λ)ψb(y) = 0 , λ ∈ R+ . (53)
The above analysis implies that
B(Kη) =
{
{e−ipxψ(y, λ) : y, λ ∈ R+, x, p ∈ Rs} if η 6= ηb ,
{e−ipxψ(y, λ), e−ipxψb(y) : y, λ ∈ R+, x, p ∈ Rs} if η = ηb ,
(54)
is a complete orthonormal set for the self-adjoint extension Kη of the operator (43). For
the spectrum one has
S(Kη) =
{
{κ ∈ R : κ > 0} if η 6= ηb ,
{κ ∈ R : κ ≥ 0} if η = ηb ,
(55)
showing that Kη is positive for any η ∈ R. Comparing to the flat case, we see that the
AdS background has an interesting feature: the energy spectrum of the field Φ is real and
positive for any η ∈ R.
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It follows from Eq. (54) that Φ is given by the superposition
Φ(x, y) = φ(x, y) + δηηbχ(x, y) , (56)
where
φ(x, y) =
∫ ∞
−∞
dsp
(2π)s
∫ ∞
0
dλσ(λ)
1√
2ωλ2(p)
·[
a∗(p, λ)eiωλ2(p)x
0−ixpψ(y, λ) + a(p, λ)e−iωλ2(p)x
0+ipxψ(y, λ)
]
, (57)
χ(x, y) =
∫ ∞
−∞
dsp
(2π)s
1√
2ω0(p)
·[
b∗(p)eiω0(p)x
0−ixpψb(y) + b(p)e
−iω0(p)x0+ipxψb(y)
]
. (58)
Here {a∗(p, λ), a(p, λ)} and {b∗(p), b(p)} satisfy the commutation relations (23,24) with
the substitution
2πδ(λ1 − λ2) 7−→ 1
σ(λ1)
δ(λ1 − λ2) (59)
in (23). Using Eq. (50) one easily verifies that Φ satisfies Eq. (26), being therefore a
canonical field. Its two point vacuum expectation value admits the representation
〈Φ(x1, y1)Φ(x2, y2)〉0 =∫ ∞
0
dλ σ(λ)ψ(y1, λ)ψ(y2, λ)Wλ2(x12) + δηηbψb(y1)ψb(y2)W0(x12) . (60)
From Eq. (60) one gets
G
W
(x12) = 〈ϕ(x1)ϕ(x2)〉0 = lim
yi↓0
〈Φ(x1, y1)Φ(x2, y2)〉0 =∫ ∞
0
dλ σ(λ)ψ(0, λ)ψ(0, λ)Wλ2(x12) + δηηb2a(ν − 1)W0(x12) , (61)
which is the Ka¨lle´n-Lehmann representation for the induced field ϕ in the AdS case. It
follows from Eqs. (47,48) that G
W
vanishes for |η| = ∞ (Dirichlet boundary condition).
We therefore consider from now on only finite η. Using some simple identities among
Bessel functions, one finds
G
W
(x12) =
∫ ∞
0
dλ τ(λ)Wλ2(x12) + δηηb2a(ν − 1)W0(x12) , (62)
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with
τ(λ) =
16
π2
λa−1
[(1− 2η˜)Jν(λa−1) + 2λa−1J ′ν(λa−1)]2 + [(1− 2η˜)Yν(λa−1) + 2λa−1Y ′ν(λa−1)]2
.
(63)
The λ-integral in Eq. (62) is easily performed in momentum space, giving the following
result
Ĝ
W
(p) = 2πθ(p0)
[
θ(p2)
2
√
p2
τ(
√
p2) + δηηb2a(ν − 1) δ(p2)
]
. (64)
Like in the flat space, in spite of the fact that Φ is a canonical field, ϕ is not. There is
no mass gap in the spectrum, which contains a zero-mass point-like contribution only for
the specific boundary condition η = ηb, when the boundary state (49) belongs to B(Kη).
τ
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Figure 1. The spectral function τ for η = ηb(6a).
It is hard to study analytically the behavior of the measure τ as a function of λ, M
and η. The numerical analysis summarized in Figures 1 and 2 reveals a very interesting
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Figure 2. The spectral function τ for M = 6a.
structure. For generic values of M and η the spectral function has monotonic behavior.
However, when these parameters are close to the curve η = ηb(M) in the plane (η,M), a
high peak appears in τ , the rest of the spectrum being depressed. As a results a partial
localization of a massive mode occurs on the brane. Some doubts have been raised [17]
about the stability of the corresponding excitations. In order to clarify the issue, it is
necessary to consider the propagator
G
F
(x12) = i〈Tϕ(x1)ϕ(x2)〉0 =
∫ ∞
0
dλ τ(λ)∆λ2(x12) + δηηb2a(ν − 1)∆0(x12) . (65)
If our understanding of [17] is correct, it is claimed there that the Fourier transform
Ĝ
F
(p) = −
∫ ∞
0
dλ τ(λ)
1
p2 − λ2 + iǫ − δηηb2a(ν − 1)
1
p2 + iǫ
(66)
develops complex poles in the variable p2. Differently from the flat case (see Eq. (39)),
the explicit form of Ĝ
F
for generic M and η is quite complicated. Nevertheless, using
that τ is continuous and bounded on R+ for any finite η, we conclude that the λ-integral
in Eq. (66) converges when p2 has a non-vanishing imaginary part even for ǫ = 0. This
excludes the presence of complex poles in Ĝ
F
on the physical sheet of the complex p2-
plane. Moreover, being a generalized free field, ϕ admits [20] a Fock representation F .
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The subspaces of F with different particle number are orthogonal and invariant under the
Hamiltonian. These features, combined with translation invariance in Ms+1, forbid any
decay process of ϕ. In this sense ϕ is a stable quantum field on the brane.
For s = 3 the potential V (r) between two static sources on the brane at a distance
r = |x| is
V (r) =
∫ ∞
−∞
dx0G
F
(x0,x) =
∫ ∞
0
dλ τ(λ)
e−λr
4πr
+ δηηb2a(ν − 1)
1
4πr
. (67)
Since τ is bounded, one has the estimate
V (r) ≤ sup
λ≥0
[τ(λ)]
1
4πr2
+ δηηb2a(ν − 1)
1
4πr
. (68)
Eq. (68) holds for any r > 0; for limited regions on R+ and selected values of M and η
one can derive sharper estimates. Suppose for instance we are in the regime when a high
peak is present in the spectral function τ . Then, even if at very large (r >> a−1) and
very small (r << a−1) distances V (r) has a power-like behavior, there is an intermediate
region in which V (r) is well approximated by an Yukawa type potential ∼ exp(−mr)/r.
The value of m is given by the location of the peak in τ , whereas the limits of validity of
the Yukawa approximation are determined by its width.
The cases s = 1, 2 and/or −[a(s + 1)/2]2 ≤ M2 < 0 can be investigated in analogous
way.
4 Outlook and conclusions
We studied a quantum scalar field of massM which propagates in a manifold with bound-
ary representing a s-brane. The quantization of this model boils down to the solution of
a singular Sturm-Liouville problem with a prescribed boundary condition on the brane,
fixed in terms of the parameter η. Once the bulk 2-point function 〈Φ(x1, y1)Φ(x2, y2)〉0
has been computed, the notion of induced quantum field ϕ on the brane appears naturally,
using the limit of yi → 0. The resulting 2-point function uniquely determines ϕ, which
turns out to be a generalized free field. Being non-canonical, the dynamics of ϕ cannot
be derived from a local Lagrangian defined on the brane. The basic properties of the
induced field are captured by the spectral measure of the corresponding Ka¨lle´n-Lehmann
representation. The importance of exploring the whole allowed range of M and η emerges
from our study: both in the flat and in the AdS case, the existence of a boundary state
strongly depends on the values of these parameters. We have shown that under certain
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conditions, short range bulk interactions can induce long range forces on the brane. This
phenomenon is the consequence of peculiar boundary interactions and to our knowledge
has not been observed before. We have seen also that the spectral function τ(λ) in the
AdS case has quite complicated behavior. For certain values of η, it develops a high peak
corresponding to excitations with sharply localized mass. This feature is very interesting
and deserves further investigation.
Although we have focused in the present paper on a scalar field, our approach ap-
plies with slight modifications to fields with higher spin as well. For instance, in the
gravitational case the linearized Einstein equations lead to an operator similar to K (see
Eq. (43)) with M = 0. In absence of matter on the brane, Israel’s junction conditions
impose η = 0. Observing that ηb(0) = 0 (see Eq. (45)), the boundary state is present
in the spectrum and is responsible for recovering standard gravity on the brane [4]. An
interesting problem is the extension of our analysis to the model described in [7]. The
boundary state there is not normalizable. Nevertheless, at intermediate scales the induced
field reproduces four dimensional gravity. This feature resembles the observed structure
in the AdS spectral function τ for η close to ηb(M).
Finally, is is natural to ask what happens when interactions in the bulk and/or on the
brane are turned on. It will be interesting in this respect to perform some perturbative
calculation based on the generalized free propagator (65). We are currently working on
this issue.
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